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Calculus of Several Variables

Partial & Total Derivative

Problem 14.1 (a)
Compute all the partial derivatives

f(z,y) = 42’y — 3zy° + 6z
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Calculus of Several Variables

Partial & Total Derivative

Solution
Calculate the first-order partial derivatives:

% = %(4x2y — 3zy® + 62) = 8xy — 3y° + 6,
%?J; = %(43523/ — 3zy® + 62) = 42 — 9z1°.
Thus, the first-order partial derivatives are:
of = 8zy — 3y° + 6, or = 42® — 9zy°.
ox y
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Calculus of Several Variables

Partial & Total Derivative

Problem 14.1 (d)
Compute all the partial derivatives

fz,y) = >+
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Calculus of Several Variables

Partial & Total Derivative

Solution
Calculate the first-order partial derivatives:
g _ ﬂ 2z+3y
dx Oz (e ) ’
Using the chain rule:
g _ 2z+3y | é _ _2z+3y _ 2z+43y
5 © 836(2%—1-33/)—6 2=2e .
- of
Similarly, for —=:
imilarly, for 9y
ai _ 2 2z+3y
By — 0y (e ).

Using the chain rule:

% = 2% H3y %(Q:B +3y) = 273V . 3 = 3273V,
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Calculus of Several Variables

Partial & Total Derivative

Solution
Thus, the first-order partial derivatives are:

81 2x+3y 81 2x+3y
—— =2 73 = -
e 9 " 3e
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Calculus of Several Variables

Partial & Total Derivative

Problem 14.1 (e)
Compute all the partial derivatives
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Calculus of Several Variables

Partial & Total Derivative

Solution
Calculate the first-order partial derivatives using the quotient rule:

of _(@=y) - g@+y —(@+y) F@-y)

ox (x —y)?
Simplify:
of -y -@+y)1) _z-y—-z-y -2
Ox (x —y)? (x —y)? (x —y)?
aof .
For —— 3y
of (-9 Hlt+y) —(@+y) z@—y)
oy (x —y)? '
Simplify:
of _@—y)H)—(@+y)(=1) z—y+tz+ty 2z
oy (x —y)? (x —y)? (x —y)?
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Calculus of Several Variables

Partial & Total Derivative

Solution
Thus, the first-order partial derivatives are:

of 2y of 2z
or  (x—y)2’ dy (z—y)?
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Calculus of Several Variables

Marginal Product

Example 1: Production Function
Consider the production function:

Q =5K'*L'/3,.
When K = 64 and L = 27, the output Q is:
Q=5-64"%.27"/ = 5.8.3=120.
Calculating the partial derivatives:

0Q 13\ 1,12 SLY3
0K (5L ) 2K T 2K1/2
treating L as constant, and:

o= (SKI/Q) Lp-es_ 5KV

oL 3 T 3L2/37

treating K as constant.
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Calculus of Several Variables

Marginal Product

Example: Production Function (cont.)

Furthermore: s
oQ 5-27/° 5.3 15
4,2 — = —
BK(G 9= 2.-641/2 — 2.8 16’

and: e
6Q 564 _5-8 40
4,2 =a—=—
oL a1, (8427 = 3.272/3 3.9 27

If L is held constant and K increases by AK, @ will increase approximately by

15
1—6»AK.

For an increase in K of 4 units, we use this approximation to estimate Q(68,27) as

120 + % -4 =120+ 3.75 = 123.75.
40 120 . .
Similarly, a 3-unit decrease in L induces a 3 - o= o7 ~ 4.44-unit decrease in @, so:

Q(64,24) = 120 — 4.44 = 115.56.
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Calculus of Several Variables

Marginal Product

Example 2: Linear Production Function
Consider the linear production function:

Q = 3K +2L.
When K = 10 and L = 5, the output Q is:
Q=3-10+2-5=30+ 10 = 40.
Calculating the partial derivatives:

0Q _, 99 _

oK oL
The marginal product of capital is constant at 3, and the marginal product of labor is
constant at 2.

3, 2.
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Calculus of Several Variables

Marginal Product

Example 2: Linear Production Function (cont.)

Furthermore: 90
87}((10, 5) = 3,
and: 90

If L is held constant and K increases by AK, @ will increase approximately by 3- AK.
For an increase in K of 4 units, we use this approximation to estimate (14, 5) as:
4043 -4 =40+ 12 = 52.

Similarly, a 2-unit increase in L induces a 2 - 2 = 4-unit increase in Q, so:

Q(10,7) = 40 + 4 = 44.
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Calculus of Several Variables

Marginal Product

Problem 14.2
Consider the Cobb-Douglas production function:
q = kzy'23?,
where k, a1, and a2 are constants. The partial derivatives are:

8 8 a al]— a
L = (kxy'ay?) = kaywy! 19522,

81‘1 - 87131

treating x> as constant, and:
aq 8 a a a ag—
dzs Oz (ka{'25?) = kazai'z5? ™",

treating 1 as constant.
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