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Example 5.8 (a)

Problem

Compute the first and second derivatives of f(z) = ze®”.

First Derivative of f(z) = ze®*

1) Use the product rule:

where:

u(z) =z and wv(z) =",

2) Compute the derivatives of u(z) and v(z):

uw(z) =1

v'(z) = 3¢*”  (by the chain rule).

ECON 205 Problems and Solutions-V 25 October 2024 2/22



Derivatives of Exponents and Logarithms

Example 5.8 (a)

First Derivative of f(z) = ze**

3) Apply the product rule:

(@) =/ (z)v(z) + u(@)v' (2)

Substituting the derivatives of u(z) and v(z):

fl(x)=1-€° + -3

4) Simplify the expression:
f(x) = € + 3z,

Factor out ¢>*:
f'(z) =" (1 + 3z).

Thus, the first derivative is:
f'(z) = *°(1 + 3z).
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Derivatives of Exponents and Logarithms

Example 5.8 (a)

Second Derivative of f(z) = ze®

Compute the second derivative of f(x) = ze”.
1) Start with the first derivative:
f'(@) = € (1+ 3a).

2) Use the product rule again. Let:

u(z) =€** and w(z) =1+ 3z.
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Example 5.8 (a)

Compute Derivatives of u(z) and v(x)

3) Compute the derivatives:
o (x) = 3%

v'(z) =
4) Apply the product rule:
f(@) = o/ (z)v(@) + u(z)v' (z)

Substituting the derivatives:

f(z) = 3> (1 + 3z) + € - 3.
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Example 5.8 (a)

Second Derivative of f(z) = ze®

5) Simplify the expression:
[ (x) = 36> (1 4 3z) + 367,

Factor out 3¢3%:
I (x) = 3> (2 + 3).

Thus, the second derivative is:

(z) = 363 (2 + 3z).
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Example 5.8 (b)

Problem

Compute the first and second derivatives of f(z) = e *3°2.

First Derivative of f(z) = e 372

1) Use the chain rule for the derivative of the exponential function 7™ which states:

% (eg<w>> = 9@ . g (a)

The inside function is g(x) = 2* + 3z — 2.
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Example 5.8 (b)

First Derivative of f(z) = ot +3z—2

2) Compute the derivative of the inside function g(z) = z° + 3z — 2:
g'(x) = 2z + 3.

3) Apply the chain rule:
2
f(x) =€ 372 . (2z + 3).

Thus, the first derivative is:

F(@) = 2z + 3)e” +3572,
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Example 5.8 (b)

Second Derivative of f(z) = ¢* 3272

Compute the second derivative of f(z) = * 572,
1) Start with the first derivative:

F(z) = (2w +3)e” 372,

2) Use the product rule to differentiate f'(x) = (2z + 3)e® 572,
The product rule states:

Let: 2
u(z) = 2z +3) and wv(z) =" T2
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Example 5.8 (b)

Second Derivative of f(z) = ot +3w—2

3) Compute the derivatives of u(z) = 2z + 3 and v(z) = * +3~2;

o' (z) = 2.
To compute v’ (), use the chain rule:
o' (x) = e 732 (22 + 3).
4) Apply the product rule:
F(@) = v/ (@)v(z) + u(z)v' (z)

Substituting the derivatives:

f”(l’) —92. 6x2+3m—2 + (Q.T + 3) . ex2+3x72 . (2.T + 3).
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Example 5.8 (b)

Second Derivative of f(z) = &2 +35—2
5) Simplify the expression:

(@) =" 72 (24 (204 3)?) .
Expanding (2z + 3):

Fl(x) =€ 372 (24 (4a® + 120+ 9)) .

Fl(@) = e 372 (4g® 4122 + 11)..

Thus, the second derivative is:

F(@) = € 352 (40?4120 + 11) .
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Example 5.8 (c)

Problem
Compute the first and second derivatives of f(z) = In ((z* + 2)?).

First Derivative of f(z) = In ((2* + 2)?)
1) Use the logarithmic identity In(a”) = bln(a) to simplify:
f(z) = 2In(z* + 2)

2) Differentiate using the chain rule:

fl@)=2 5 @ +2)
fl(z)=2 L 42®
x4 4+ 2
Thus, the first derivative is:
Fo)= =
T4+ 2
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Example 5.8 (c)

Second Derivative of f(z) = In ((z* + 2)?)
1) Start with the first derivative:

0 . 8x°
F@ =
2) Use the quotient rule to differentiate:
ne oy w(@v(z) — u(z)v'(z)
f (x) - ’U(CL‘)2

where u(z) = 8z° and v(z) = z* + 2.
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Example 5.8 (c)

Second Derivative of f(z) = In ((z* + 2)?)

3) Compute the derivatives of u(z) = 8z° and v(z) = z* + 2:
u'(x) = 242> and o' (z) = 4a°

4) Apply the quotient rule:

_ 2422 (z* 4 2) — 8z3(42®)

f (x) (x4 JF 2)2
Simplify the numerator:
() = 242° + 482° — 322°
- (x4 4 2)2
_ —82° +482°

f (.’L’) - (334 + 2)2
Thus, the second derivative is:
v, —8z°% 4 4827
f (I) - (334 + 2)2
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Derivatives of Exponents and Logarithms

Example 5.8 (d)

Problem

Compute the first and second derivatives of f(z) = ;.

x

First Derivative of f(z) = —
&

1) Use the quotient rule:

where:
T

u(z) =z and wv(z)=e
2) Compute the derivatives of u(z) and v(z):
W(z)=1 and o'(z) =¢€"
3) Apply the quotient rule: N .
e —Te

(
fix) =

e2z
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Example 5.8 (d)

Second Derivative of f(x) = -

efl,‘
1: Start with the first derivative)

1=z

f'(z) =

eft
2: Use the quotient rule again to differentiate f'(x):

o (x)v(x) — u(z)v' (z)

f (I) = U(ZC)Q

where:

a

ulz)=1—z and v(z)=¢e
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Example 5.8 (d)

Second Derivative of f(z) = -

6{1}
3: Compute the derivatives of u(z) = 1 — z and v(z) = €”)

w(z)=—-1 and o'(z)=c¢

4: Apply the quotient rule)

1) = e
Simplify the expression: ) .
fi(e) = E Qe
Factor out e”:
() = e’ (-1 ;251 —x)) _ ez(;; 2)
Remove e” from the numerator and denominator:
1@y =222
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Example 5.8 (e)

Problem

Compute the first and second derivatives of f(z) = ﬁ

First Derivative of f(x) = ﬁ

1) Use the quotient rule:

di (uExD _ (2)v(x) — u(z)v'(z)

where:
u(z) =2z and v(z)=Ilnz

2) Compute the derivatives of u(z) and v(x):

v (r)=1 and '(z)= é
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Example 5.8 (e)

First Derivative of f(z) = li
nwr

3) Apply the quotient rule:

Thus, the first derivative is:
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Example 5.8 (e)

Second Derivative of f(x) = li
nwr

1) Start with the first derivative:

_lnz—1

@) = (Inx)?2

2) Use the quotient rule again to differentiate f'(x):

u' (z)v(z) — u(z)v'(v)

f (l‘) = ’U(CL‘)2

where:

u(z) =Inz—1 and wv(z)= (Inz)?
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Example 5.8 (e)

Second Derivative of f(z) = li
nr

3) Compute the derivatives of u(z) = Inz — 1 and v(z) = (Inz)*:

0 _l 0 _ 2Inzx
W@ =2, ()=
4) Apply the quotient rule:
. L(lnz)? — (Inz — 1) 2n2
ey = F2) (o —1) 2
(Inz)
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Example 5.8 (e)

Second Derivative of f(z) = L
Inz
5) Simplify the expression:

Factor out p from the numerator:

"eg) = 1 ((Inz)* —2Inz(lnz — 1))
Fie) = (Inz)*

Simplify inside the parentheses:

Mig) = 1 (~(Inz)*+2Inz)
fiz) = (Inz)*

Thus, the second derivative is:

v, —(lnz)®+2nz
F@) = z(lnx)*
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